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We provide several properties of the weak upper limit of a sequence of subsets 
of a separable Banach space, such as a criterion of non-vacuity, of closedness, etc. 
We also examine the measurability of the multifunction defined as the weak upper 
limit of a sequence of multifunctions. At last, applications to the existence of a 
measurable and Bochner integrable selector for this multifunction are presented. 
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1. INTRODUCTION 
It is well known that the weak upper limit is involved in the definition 
of Mosco convergence of sets and functions. In recent years, this type of 
convergence appeared to be a powerful tool in optimization, calculus of 
variation, and optimal control. It generalizes the one of Kuratowski to 
infinite dimensional spaces and takes into account both weak and strong 
topologies. The literature on Mosco convergence and its applications being 
very large, we only refer the reader to [ 1, 22,28-301 and to the references 
therein. The weak upper limit also has to be considered when one wishes 
to establish results such as Fatou’s lemma in infinite dimensional Banach 
spaces. In these kinds of problems, one looks for the existence of a 
measurable and integrable selector for the weak upper limit of a sequence of 
vector-valued integrable functions. On this topic, see [2, 5, 19, 31, 321. 
Similar results also exist for sequences of multifunctions and can be found 
in [7, 12, 13, 21, 241. 
The problem of the measurability of the weak upper limit of a sequence 
of multifunctions was solved by Salinetti and Wets [25] for R”-valued 
multifunctions and by Toma [26] for multifunctions with values in a 
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Suslin a-compact metric space. However, in their joint paper [20], 
Luchetti, Papageorgiou, and Patrone pointed out that the previous results 
do not solve, in general, the question of whether the weak upper limit of 
a sequence of Banach space valued multifunctions is measurable. 
So, the main purpose of the present paper is to provide general and 
applicable results on the measurability of the multifunction defined as the 
weak upper limit of a sequence of multifunctions with values in a separable 
Banach space, and to use them to show the existence of a measurable and 
integrable selector for this multifunction. 
In Section 2 we set our notations and give some preliminaries. 
Afterwards, three kinds of results on the weak upper limit are provided. 
First, in Section 3, we give some topological properties of the weak upper 
limit of a sequence of subsets in a separable Banach space X. For this 
purpose, it is convenient to introduce a new class 9%’ of subsets, possibly 
unbounded: those subsets of X whose intersection with any closed ball is 
weakly compact. This allows us to unify our presentation and to simplify 
the proofs. The first result of this section is a criterion of non-vacuity for 
the weak upper limit. Further, one of our main tools in this paper is 
presented: a formula, similar to that of Joly [IS], which expresses the weak 
upper limit as the countable union of weakly closed and bounded (or 
weakly compact) subsets. We also show, for a large class of unbounded 
subsets, that the weak upper limit is weakly closed (which is not true in 
general). Second, in Section 4, we study the measurability of the weak 
upper limit of a sequence of multifunctions defined on an abstract 
measurable space (52, a) with values in 2x, the space of all subsets of X. 
For this purpose, we begin by proving that, for multifunctions with values 
in 3, measurability is preserved under finite or countable intersection. The 
graph measurability is also considered. Last, in Section 5, we prove results 
which assert the existence of a measurable and, especially, integrable 
selector for the weak upper limit of a sequence of multifunctions. 
In our opinion, the results of this paper can be helpful in order to 
provide a simple proof of Fatou’s lemma in infinite dimensions and to solve 
related problems. 
2. NOTATIONS AND PRELIMINARIES 
Let X be a separable Banach space with dual X*. The norm of X will be 
denoted by 11. (/ and the open (resp. closed) unit ball by B (resp. B). For 
any x E X and r > 0, we also denote by 
B(x, r) :=x+rB and B(x, r) :=x + rB 
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the open (resp. closed) ball of radius r centered at x. The distance function 
d( ., C) and the support function s( ., C) of C are defined by 
d(x, C) := inf[ 11x - yll I y E C], XEX 
s(x*, C) := sup[ (X*, x) ( x E C], x* E x*. 
We also denote by N := { 1, 2, 3, . ..} the set of positive integers and by R 
the set of reals. 
If t is a topology on X, then the space X endowed with t will be denoted 
X, and the t-closure by t-cl. Three topologies will be considered on X. First, 
the strong topology s and the weak topology w. Further, observe that X, 
has the LindelGf’s property; that is, any family of open sets of X, admits a 
countable subfamily having the same union. Therefore, B is the countable 
intersection of closed half-spaces and also of open half-spaces ince any 
closed half-space is the countable intersection of open half-spaces. This can 
be written 
I?=(-) w,, (2.1) 
where W,={XEXI (x:,x)<ak} for any integer k>l, {x:j is a 
sequence in the closed unit ball B* of X* and {ak} a sequence in R. It is 
known that B* contains a countable set which is dense in the Mackey 
topology, denoted by z, hence we can assume that {xz} is r-dense in P. 
The linear hull of { xz >, denoted by H*, is r-dense in X*. The third topol- 
ogy to be considered on X is m = a(X, H*), that is, the locally convex 
topology defined by the increasing sequence of semi-norms pk (for k 3 1) 
such that 
pk(x)=max[l(x~,x)I I16i<kl, x E x 
This topology is metrizable and a possible distance 6 is given by 
6(x, y)= 1 2Pk min[ly Pk(X-yy)l. 
k>l 
Further, m is also separable and strictly coarser than w, when X is infinite 
dimensional. However, the two topologies agree on weakly relatively 
compact subsets of X (and also on the bounded subsets if X* is separable 
for the strong topology). 
The Bore1 o-field of X, will be denoted by 9(X,). Using (2.1) and the fact 
that any open set of X, is the countable union of closed balls, it is readily 
seen that 
93(X,) = W(X,) = LqX,). 
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The set of all subsets of X is denoted 2x. For any topology t on X, we also 
Put 
,X(X,) = the set of compact subsets of X, 
%‘(X,) = the set of closed subsets of X,. 
x,(X,) (resp. %c (X,)) will denote the set of convex compact (resp. closed) 
subsets of X,. Moreover, the following subset 9 of 2x will play an impor- 
tant role in the present paper: 
9:= {CE%?(X,) 1 Cn~(O,r)~~(X,)foranyr>O}. 
In this definition r can be restricted to integer values and it is clear that B 
is stable under finite unions and arbitrary intersections. We also note that 
W contains the subsets of X which are weakly locally compact. When X is 
reflexive we exactly have %? = %?(X,). 
Let (Q, a) be a measurable space. An application F from Q to 2x is also 
called a multifunction. F is said to be r%measurable (or simply, measurable) 
if, for any open subset U of X,, the subset of Q 
F-U:= {w&2 1 F(w)nU#fa} 
is a member of the a-algebra GZ (a denotes the empty set). The domain of 
F is defined by 
dom F:= {WEO 1 F(w)#@}. 
Since dom F = F-X, we have dom FE a as soon as F is measurable. 
For basic facts on measurable multifunctions, we refer the reader to 
[6, 1%17,231. The following lemma provides several characterizations of 
the measurability of a multifunction whose values are in ,X(X,,,). 
LEMMA 2.1. Zf F is a multifunction with values in ,X(X,) then the 
following statements are equivalent : 
(a) F- UE ol for any open set U in X, (i.e., F is measurable) 
(b) F-WE~ for any open set W in X, 
(c) F-V&L for any open set V in X,,, 
(d) F-&x, r) E a for any closed ball (x E X, r > 0). 
ProojI Implications (a) * (b) ( ) 3 c are obvious. Implication (d)*(a) 
is obtained by observing again that each open set of X, is the countable 
union of closed balls. Let us prove (c) => (d). For any closed ball B(x, r), 
we have 
B(x, r) = x + rB. (2.2) 
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Hence, using (2.1) and (2.2) it is not difficult to see that 
B(~, d= n v,, 
k,l 
(2.3) 
where ( vk: k 3 1) is a decreasing sequence of m-open sets. Finally, from the 
weak compactness of the values of F, we obtain the equality 
which implies (d). 
F-B(x, r) = n F- vk 
k>,l 
(2.4) 
Q.E.D. 
3. SOME PROPERTIES OF THE WEAK UPPER LIMIT 
Let t be a topology on X. If { C, Jn a i is a sequence in X, the sequential 
upper limit of (C,}, relative to t, is denoted t-1s C, and is defined by 
where { C,,k,} is a subsequence of {C,}. It is also possible to give a 
different definition for the weak upper limit, which does not involve 
sequences, by setting 
t-LS C, = (x E X 1 each neighborhood of x meets infinitely many C,}. 
We obviously have t-Is C, c t-LS C, and the following equality holds true 
(see C41) 
t-r3 C, = n t-d 
k>l 
(3.1) 
which shows that t-LS C, is t-closed. 
Moreover, when t is metrizable, it is clear that 
t-LS c, = t-1s c,. (3.2) 
In the sequel, we shall mainly consider the weak sequential upper limit 
w-1s C, (and the adjective “sequential” will generally be omitted if no 
confusion is possible). As already mentioned, this notion is helpful in order 
to define the Mosco convergence of a sequence of sets or functions in 
infinite dimensional Banach spaces (see [ 1, 3, 281). The following result 
provides a criterion of non-vacuity for the weak upper limit. 
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PROPOSITION 3.1. Let X be a Banach space and (C,} a sequence in 2x. 
We put 
r = lim inf d(0, C,) (n + 00). 
” 
(i) Zf w-1s C, is non-empty then r is finite. 
(ii) Conversely, if the following condition holds true 
there exists a set REW containing all the C, (n> 1) (3.3) 
and if r is finite, then w-1s C, is non-empty. 
Proof (i) It is not difficult to prove the following equality (see for 
instance Lemma 1.38 of [l]) 
lim inf d(0, C,) = inf sup d(0, C,,,,). 
(n(k)) kd I 
(3.4) 
In the right hand side, the inlimum is taken over strictly increasing sequen- 
ces (n(k)} of positive integers. Now, let x = w-lim xk E w-1s C, where {xk} 
is a sequence in X such that xk E C,,(k) for k >, 1 and where { C,#,} is a 
subsequence of {C,}. Using (3.4) and the definition of the distance 
function, we get the inequalities 
r 6 sup 40, c,(k)) d sup ibkli < + m 
k>l k>l 
which show that r is finite, because a weakly convergent sequence is 
bounded. 
(ii) Suppose that r is finite. From (3.4), we also deduce that the 
closed ball B(O, r + 1) meets infinitely many C, (n > 1). Therefore, 
condition (3.3) implies that the subset K := Rn B(0, r + 1) is weakly 
compact and contains a sequence { xk} such that xk E Cnckj for k 2 1, where 
{ C,(k,} is a subsequence of {C,}. K being weakly compact, there exists a 
weakly convergent subsequence {xkcij} verifying x = w-lim xkcij for some 
x in K. Obviously x is a member of w-1s C,, which proves the desired 
conclusion. Q.E.D. 
Remark 3.2. Condition (3.3) is automatically satisfied when X is 
reflexive. Indeed, it is sufficient o take R := X. Thus, Proposition 3.1 shows 
that, when X is reflexive, the weak upper limit of sequence {C,} is non- 
empty if and only if r is finite. 
Remark 3.3. Proposition 3.1 extends Proposition 6.1.7 of Hess [8]. 
A similar result, for a uniformly bounded sequence {C,} in 2x when X is 
reflexive, was given by Hiai in [ 13, Lemma 1.1(2)]. 
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Remark 3.4. If (C,} is a sequence in 2x then the following equality 
holds true 
W-1s c, = u W-ls(C, n B(0, p)) (PEN). (3.5) 
Pal 
Indeed, since a weakly convergent sequence is bounded, the inclusion of 
the left hand side in the right hand side is clear. The converse inclusion is 
obvious. 
The following result will be very useful in this paper. It is close to the one 
of Joly in [18, Relationship 2.7, p. 481. 
PROPOSITION 3.5. Ler {C,}, 3 1 be a sequence in 2x and C := w-Is C, and 
suppose that one of the two following conditions is satisfied 
(a) X* is separable (for the strong topology) 
(b) there exists a set R E .%? containing all the C, (n > 1). 
Then, the following equality holds true 
c= u (-) w-cl u Gnw4 PI . 
> 
(3.6) 
pa1 ma1 n>m 
Proof. From Remark 3.4 we see that it is sufficient to show the 
following equality, for any integer p 3 1, 
w-ls(~,n~(~, p))= n w-cl u c,~(o, p) 
ma1 n2m > 
But this is easily deduced from (3.1) and (3.2), and from the fact that, for 
any p 2 1, topology w agrees with the metrizable topology m on B(0, p) 
(case (a)) or on R n B(0, p) (case (b)). Q.E.D. 
Remark 3.6. In (3.6) it is possible to replace C, n B(0, p) by 
C, n B(O, p) or by t-cl(C, n B(0, p)), f or any n, p > 1, where topology t 
may be equal to s, w, or m. 
In general, if {C,} is a sequence in 2x, the weak upper limit w-1s C, is 
not closed, neither for the weak, nor for the strong topology. However, 
equalities (3.1) and (3.2) show that, when w is metrizable, w-1s C, is weakly 
closed. This is obviously true when X is finite dimensional. It is also true 
when the C, are contained in a fixed weakly compact subset K of X and 
if one considers the restriction of w to K (in this case, w-1s C, is even 
weakly compact); if X* is separable, it is sufficient to suppose that K is 
bounded. 
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Now, we shall indicate another situation where w-is C, is weakly closed 
without assuming that the C, are bounded. For this purpose, we define two 
other classes of sets by setting 
Yc := ( C E %c (X) 1 C is weakly locally compact and contains no line} 
9 := (&2X I rnCE%.}, 
where ~ZG denotes the convex closed hull. Obviously, if a weakly closed 
subset is in 9 then it is also in B. The main properties of members of 9( 
are given, for example, by Corollary 1.15 in [6] and will be used in the 
next result. 
PROPOSITION 3.7. Let X be a separable normed linear space, CE 9, and 
{X*l,,l a sequence in C such that 
x = m-lim x, for some x E X. (3.7) 
Then x = w-lim x,. 
Proof Let H* be the linear subspace of X* defined in Section 2, which 
is dense for the Mackey topology (denoted by r). Since CE 9, Corollary 
1.15 of [6] shows that the effective domain of s( ., W C) in X*, that is, 
doms(.,WC):={x*EX* Is(x*,WC)< +co}, 
has a non-empty r-interior. Hence, we can find x$ in 
H* n z-int dom s( ., W C). 
Now, Corollary 1.15 of [6] also shows that, for any real /?, the subset 
KD := {XEW C 1 (x,*,x) afl) 
is weakly compact. Moreover, from (3.7) we know that 
(x,*, x) = lim (xd, x,) 
n 
because x$ E H* and m = a(X, H*). Therefore 
inf[(x,*, x,) I nB 11 
is finite which implies the existence of a real c( verifying 
{xn I n>l}cK,. 
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Thus, there exists a subsequence {x,(,)}~, r such that 
y = w-lim x,(~) (k+ +co) 
for some y E w C. Considering again (3.7) we get y = x. So, x is the unique 
w-cluster point of the sequence {xn}, which yields the desired conclusion. 
Q.E.D. 
COROLLARY 3.8. If X is a separable normed linear space and CE 5? then 
the three following statements are equivalent 
(a) C is w-closed 
(b) C is weakly sequentially closed 
(c) C is m-closed. 
Proof Since implications (a)*(b) and (c)*(a) are obvious, it only 
remains to prove (b) 3 (c). Assume that C is weakly sequentially closed 
and consider a sequence {x,} in C such that 
x = m-lim X, 
By Proposition 3.7 we deduce 
for some x E X. (3.8) 
x = w-lim x,. 
This shows that x E C and gives the desired conclusion. Q.E.D. 
COROLLARY 3.9. Zf X is a separable normed linear space and {C,}, b, a 
sequence in 2x vertfying 
there exists L E Tc containing all the C, (n>l) (3.9) 
then, the two following properties hold true 
(i) w-1s C, = m-1s C, 
(ii) w-1s C, is m-closed. 
Proof Statement (i) is an obvious consequence of Proposition 3.7. 
Thus, in order to prove (ii), it suffices to show that m-1s C, is m-closed. But 
topology m being metrizable, this is obtained by using relations (3.1) and 
(3.2). Q.E.D. 
Given a sequence { C, },, a I in 2x, it is sometimes useful to consider the 
closed convex subset 
(3.10) 
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The following inclusions are always true 
w-1s c, c w-LS c, c c. (3.11) 
Proposition 3.10 below provides an instance where the convex hull of the 
three previous subsets coincide. 
PROPOSITION 3.10. If { Cn}na, is a sequence in 2x oerifying 
there exists KE ,X(X,,) containing all the C, (n > 1) (3.12) 
then the following equalities hold 
c = w (w-LS C,) = w (w-1s C,). (3.13) 
Proof: From (3.1 l), we deduce that it only remains to prove inclusion 
ccw (w-1s C,). 
Using the definition of C, it is easily seen that for any x* in X* 
s(x*, C) < lim sup s(x*, C,). 
n 
Further, it is possible to find a subsequence ( Cn(kJ}k b, of {C, > such that 
lim s(x*, C,,,,) = lim sup s(x*, C,). 
k n 
NOW, for any k> 1, there exists xk in C,,(k) verifying 
S(X*, c,(k)) - l/k d (x*, xk) 6 s(x*, C,,(,,). 
It follows that 
lim (x*, xk) = lim sup s(x*, C,). 
k ” 
(3.14) 
By condition (3.12), the sequence {xk} is contained in K, thus we can find 
a subsequence {x,(,) } i z i such that x = w-lim, xkcij for some x in K. Clearly, 
x is a member of w-1s C, so (3.14) implies 
lim sup s(x*, C,) = (x*, x) d s(x*, W (~-1s C,)). 
n 
This relation being true for any x * in X, the desired inclusion is obtained. 
Q.E.D. 
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4. MEASURABILITY OF THE WEAK UPPER LIMIT 
We begin by two results on the measurability of multifunctions with 
values in the class W which was defined in Section 2. 
PROPOSITION 4.1. Consider a multifunction F with values in 9 and, for 
any x E X and r > 0, the multifunction G such that 
G(w) := F(w) n @x, r), WEf2. 
If F is measurable then so is G. 
Proof: By the definition of 2, the values of G are in X(X,,,). Thus, 
thanks to Lemma 2.1 it is sufficient o show that, for any closed ball B( y, s) 
( y E A’, s > 0), G-B( y, s) E ol. For this purpose, we first note the equality 
F(o) n B(x, r) n B( y, s) = n F(o) n B(x, r + l/n) n B( y, s + l/n). 
n2-l 
Consequently, we have 
and 
G-qy, s)= n F-(B( x,r+l/n)nB(y,s+l/n)). (4.1) 
n>l 
Indeed, let w be in the right hand side of (4.1) and, for any n > 1, x, in 
F(o)nB(x,r+l/n)nB(y,s+l/n). 
Since F(o) is in 9, the previous subset is contained in the weakly compact 
set F(o) n B(0, t), for t large enough. Now, if (x,(~))~, I is a subsequence 
such that x = w-lim x,,(~), for some XE X, it is readily seen that x is in 
F(o)n &x, r) nB( y, s). Thus w is in the left hand side of (4.1), which 
proves the first inclusion. The converse inclusion is obvious. So relation 
(4.1) is proved and it obviously implies the desired conclusion. Q.E.D. 
The following result shows that, for a wide class of multifunctions 
defined on an abstract measurable space, measurability is preserved under 
finite or countable intersection. It extends Theorem 2 of [9] for the case of 
Banach spaces. 
THEOREM 4.2. If(Fn)nT1 is a sequence of measurable multlfunctions with 
values in 92, then multifunction F := fi,, , F” is measurable. 
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Proof: We shall proceed in two steps. 
(1) Assume that the F, are weakly compact valued and consider the 
space X, which is metrizable and separable. Multifunctions F,, (n b 1) 
being measurable with values in X(X,), they satisfy property (c) of 
Lemma 2.1. Thus they are measurable and compact valued in X,. Conse- 
quently, Theorem 4.1 of [ 161 implies that F also satisfies property (c) of 
Lemma 2.1 which proves the measurability of F. 
(2) Now let us prove the general case. For any o E Sz the following 
equality holds true 
J-C’(o)= i.j n (Fn(w)n@, P)). (4.2) 
pa1 n>l 
For each n, p B 1 define the multifunction G,P by 
G,P(co):=F~(co)n@O, p) 
By Proposition 4.1, all the G: are measurable. Furthermore, they are 
weakly compact valued. Therefore, the result of the first step shows that, 
for any p > 1, multifunction nnb i Gi is measurable. Finally, F being the 
countable union on p of these multifunctions, it is measurable too. Q.E.D. 
The following result will be useful. It concerns the measurability of the 
weak upper limit of a sequence of multifunctions with values in X(X,). 
A similar one was proved by Hiai in [ 13, Theorem 2.2(2)], assuming X 
reflexive. 
PROPOSITION 4.3. Let (F,,),> , be a sequence of measurable multi- 
functions. If the following condition holds 
there exists a fixed w-compact valued mult$mction G 
such that F,(o) c G(o) Vn 2 1, VW E Sz (4.3) 
then, multifunction F := w-1s F,, is measurable and weakly compact valued. 
Proof. For any o E s2 the restriction of w to G(o) agrees with m. Thus, 
G(w) is a compact metrizable space for w. Consequently, relations (3.1) 
and (3.2) show that 
F(4=fil w-cl(,.,w,)~ (4.4) 
Now, it is clear that, for any k > 1, multifunction 
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satisfies condition (c) of Lemma 2.1; being w-compact valued by (4.3), it is 
also measurable. Finally, using (4.4) and Theorem 4.2, we get the desired 
conclusion. Q.E.D. 
We are now ready to state and prove the main result of this section, on 
the measurability of the weak upper limit of a sequence of multifunctions. 
THEOREM 4.4. Consider a separable Banach space X, a sequence (F,), a1 
of measurable multifunctions with values in 2x, and set F := w-Is F,,. If the 
following condition holds 
there exists a fixed multifunction G with values in &? 
suchthatF,,(w)cG(w)Vn~l,VoEQ (4.5) 
then multifunction F is measurable. 
Prooj For each n, p 2 1, define the multifunction Fz by 
F;(o) := F,(o) n B(0, p) VwEa. 
From (3.5), we know that, for any ~ESZ, the following equality holds true 
F(o)= u w-1s F;(o). (4.6) 
P21 
Further, it is clear that, for each n, p 3 1, the multifunction F; is 
measurable and satisfies 
F:(o) = G(w) n @O, p) Vn, p> 1, VoESZ. (4.7) 
Since the right hand side of (4.7) is weakly compact, Proposition 4.3 shows 
that, for any p 2 1, multifunction o I+ w-1s F:(w) is measurable. We end 
the proof by using (4.6). Q.E.D. 
Remark 4.5. When X is reflexive condition (4.5) is automatically 
satisfied. Indeed, it suffices to define multifunction G by 
G(w) = X VCUEQ. 
Consequently, if (F,), z i is a sequence of measurable multifunctions with 
values in a separable reflexive Banach space A’, then w-1s F, is measurable. 
Remark 4.6. When X is finite dimensional, a similar result was given by 
Salinetti and Wets [25, Theorem 3.11. Later, in [26, Theoreme 3.61, Toma 
proved the measurability of the upper limit of a sequence of measurable 
multifunctions assuming that X is a a-compact metric space. 
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COROLLARY 4.7. Zf in Theorem 4.4 condition (4.5) is replaced by the 
following condition 
there exists a fixed multifunction G with values in 2, 
such that F,(o)cG(w) Vnal,Vw~a 
then F is measurable and weakly closed valued. 
(4.8) 
Proof This is an easy consequence of Corollary 3.9 and Theorem 4.4. 
Q.E.D. 
Remark 4.8. Relation (4.6) also shows that 
dom F = U dom ~-1s F,“(w). 
pa1 
(4.9) 
Now, we give a result on the measurability of the convex valued multi- 
function defined by (3.10). 
THEOREM 4.9. Let (F,),>, be a sequence of measurable multifunctions 
andput G:=h,,m(UnZk F,,). Zf the following condition holds 
there exists a fixed multifunction G with convex values in BY 
such that F,(w)cG(o) Vnb 1, Voes2 (4.10) 
then G is measurable. 
Proof For any k > 1, define multifunction G, by setting 
The following equality is clear 
-(.,li,F,&))=C6 G,(o) VkZl,VoESZ. 
By Theorem 9.1 of [ 163, since multifunctions Gk are closed valued and 
measurable so are multifunctions W G,. We finish the proof by using (4.10) 
which allows us to apply Theorem 4.2 to the sequence (W Gk)k a,. Q.E.D. 
We shall end this section by examining the case where the abstract 
measurable space (52, a) is replaced by (52, &) where d stands for the 
a-field of universally measurable subsets of Q. First, we recall some defini- 
tions and known facts. 
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If F is a multifunction defined on Q, with values in X, the graph of F is 
defined by 
Gr(F):={(w,x)ESZxXlxEF(co)}. 
If the values of F are closed for a separable metrizable topology t on X and 
if F is a-measurable, in the sense that F-U E CZ for any t-open subset U, 
then Gr(F)Ea@g(X,) (see Proposition III.13 of [6]). The converse is 
true when a is replaced by &; this is a consequence of the projection 
theorem which is stated below. For any finite positive measure p on 
(Q, a), we denote by GLp the p-completion of GL and we set d := n, a, 
where p runs over the set of all finite positive measures on (Q, a). The 
measure space ($2,6X, ,u) is said to be complete if LE = ol,; in this case, we 
also have 0Z = &. The following result is the projection theorem (see, for 
example, Theorem III.23 of [6]). 
PROPOSITION 4.10. Let (52, a) be a measurable space, Y a S&in space, 
and G a subset of 52 x Y. If G is a member of the product o-field L% 0 g’( Y), 
then pr,(G) E &, where pr, denotes the projection on 52. 
Theorem 4.11 below provides a result of measurability of the weak upper 
limit without assuming condition (4.5) of Theorem 4.4. However, the dual 
space X* is supposed to be separable. 
THEOREM 4.11. Consider an abstract measurable space (52, a), a Banach 
space X whose dual X* is separable, and a sequence (F,,),,> I of multi- 
functions with values in A’. If, for any n > 1, F,, is a-measurable, then 
multifunction F := w-1s F” is &measurable. 
Proof: From Remark 3.4 we know that 
F(o) = u w-ls(F,(o) n &O, p)) (PEN). 
pa1 
Thus, it suffices to show the conclusion when the values of multifunctions 
F, are contained in a ball. Now, we have already noticed that, in this case, 
the separability of X* yields 
where topology t is either w or m. If, for any k 2 1, the multifunction G, 
is defined by 
G/c(m) := t-cl (ik F,(d) 
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then it is clear that 
(Gk)- WE 6E for any t-open subset W of X. 
Since each Gk is closed valued for the separable metrizable topology m, this 
implies 
Gr(G,) E a 0 g(.X,) = a 0 &?(X,). 
Therefore, Gr(F) = ok 5 i Gr(G,) E I% @98(X,). We end the proof by apply- 
ing the projection theorem which yields, for any open set U of X,, 
FPU=pr,(Gr(F)n(Ux U))E&. Q.E.D. (4.11) 
The following result concerns the &-measurability of m-1s F,, 
THEOREM 4.12. Let X be a separable Banach space and {F,,}, a 1 a 
sequence of measurable multifunctions with values in 2x, verifying the 
following condition 
for each n 2 1, multifunction F, satisfies 
F,-VE~ t/ V open subset of X,. (4.12) 
Then, the multifunction H := m-1s F,, is &-measurable. 
Proof For each k > 1, define the multifunction H, by 
Hk(co) :=m-cl(ik F,(w)) V~EQ. 
By (3.1) and (3.2) we have 
H(w)= f-j H/c(m) VcoEi-2. 
k>l 
For any k3 1, condition (4.12) and Theorem III.13 of [6] applied to the 
space X, show that 
Therefore, Gr( H) = nk z 1 Gr( Hk) E GL @ %?(X,), and the desired conclusion 
is reached by using the projection theorem like in Theorem 4.11. Q.E.D. 
Remark 4.13. In Theorem 4.11, the projection theorem even shows that 
F-BE& VBEW(X,). 
242 CHRISTIAN HESS 
5. EXISTENCE OF MEASURABLE AND 
INTEGRABLE SELECTORS FOR THE WEAK UPPER LIMIT 
This section is devoted to the existence of measurable, and especially, 
integrable selectors for the weak upper limit of a sequence of measurable 
multifunctions. First, we shall need some definitions and lemmas. 
A function f from 52 to X is said to be a selector of F if, for any w in 
dom F, f(w) E F(o). 
Let (Sz, a, p) be a finite measure space and denote by L’(s2, ol, p; X) = 
L’(Q; X) the Banach space of (equivalence classes of) measurable functions 
f: .Q t--, X such that the norm 
llfllt := jQ Ilf(o)ll dp 
is finite; L’(G); R) is denoted by L’. For any a-measurable multifunction 
F, define the set of (&-measurable) integrable selectors of F by 
S’(F, a) := {f e L’(Q; X) I f(w) E F(u) a.e.) 
which is closed in L’(s2; X). If S’(F, 62) is non-empty, we shall say that F 
is integrable. On the other hand, a measurable multifunction F is said to be 
strongly integrable or integrably bounded if 
w H sup[ l/xl/ 1 x E F(o)] E L’. 
The following lemma provides a criterion of non-vacuity of S’(F, a) (or 
S’(F, &)). It may be viewed as a consequence of Theorem 2.2 of [ 143 but 
we give a specific proof for convenience. 
LEMMA 5.1. Let F be a measurable multifunction with values in 2x. 
(a) If F admits an integrable selector, then d(0, F( .)) E L’. 
(b) Conversely, assume that d(0, F( .))E L’. If F is closed valued 
(resp. if Gr(F) E I%! @93(X,)), then F admits an integrable selector which is 
&measurable (resp. &measurable). 
ProoJ: (a) It suffices to observe that if f is an integrable selector of F, 
then we have 
40, F(o)) G Ilf(oN VoEQ. 
(b) Let r( .) be a strictly positive integrable function such that 
40) > 40, F(o)) QWEQ 
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and consider the multifunction G defined by 
G(o) := F(o) n B(0, r(u)) VUEQ. 
Let us prove that G is measurable. It is well known that there exists a non- 
decreasing sequence (rn)n a I of measurable step functions satisfying, for any 
UEQ, 
and 
r(o) = lim T, (0). 
n 
For each n > 1, define multifunction G, by 
G,(w):=F(w)nB(O,r,(w)) VUEQ. 
It is readily seen that every G, is measurable and that 
G(o) = u G,(o) VOEQ 
n 
which proves the measurability of G (for a more general result of this type, 
see Lemma 1 of [lo] or Proposition 3.3.1 of [ll]). Now, suppose that F 
is closed valued and define the multifunction H by H(w) := s-cl G(w). 
Obviously, H is measurable and closed valued. Moreover, any measurable 
selector g of H is a selector of F and satisfies 
II g(o)ll G 40) VUEQ. (5.1) 
Therefore, since F is assumed to be closed valued, g is an integrable 
selector of F. 
In the case where Gr(F)Ea@O(X,), we have Gr(G) = U, Gr(G,) 
which shows that Gr(G) E a 0 99(X,). By Theorem III.22 of [6], G admits 
an &-measurable selector g which also satisfies (5.1), hence is an 
integrable selector of F. Q.E.D. 
The following lemma extends Theorem 2.2(iii) of [21] and Lemma 6.4.7 
of [8]. 
LEMMA 5.2. Let (C,), p 1 be a sequence in 2x which satisfies 
3R~93’:C,cR Vn> 1. (5.2) 
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Then, for any x E X, we have 
d(x, w-Is C,) < lim inf d(x, C,). (5.3) n 
ProoJ: Take x in X. If the right hand side of (5.3) is equal to + co, there 
is nothing to prove. Otherwise, let (cZ,,(~))~~ i be a subsequence of (C,) 
satisfying 
lim inf d(x, C,) = lip d(x, C,(,,). 
n 
For any k 2 1, pick xk E Cnckj so that 
4x, C,d a /Ix - xkll - l/k. 
Sequence (xk) being bounded, it is contained in R n B(0, p) for some p 2 1. 
By condition (5.2), this subset is weakly compact; thus, there exists a 
subsequence (x~(~))~~ i of (xk) such that y = w-lim x,+) for some yeA’. 
Therefore, we have 
lim inf d(x, C,) = lip ((x - xk(,)l\ >, (Jx - yl( 
n 
because the norm is weakly lower semicontinuous. Finally, noting that 
y E w-1s C,, we get the desired conclusion. Q.E.D. 
Remark 5.3. In particular, if (C,), a i is a non-increasing sequence of 
weakly closed sets satisfying (5.2) -it is not difficult to deduce from 
Lemma 5.2 that, for any x E X, 
= sup d(x, C,). 
n 
We also need the simple following 
LEMMA 5.4. Let r > 0 and (C,),, 1 a sequence in 2x. If C, n B(0, r) is 
non-empty for infinitely many n 2 1, then 
lim inf d(0, C, n B(0, r)) = lim inf d(0, C,). 
n n 
proof. We observe that, for any n > 1, 
if C, n B(0, r) # @ 
if C, n B(0, r) = 0. 
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From the definition of the lim inf, that is, 
lim inf d(0, C, n B(0, r)) = sup inf d(0, C, n B(0, r)), 
" k>l n>k 
we easily deduce the desired conclusion. Q.E.D. 
If (Sz, rX, p) is a finite measure space and (F,,),,> r a sequence of 
measurable multifunctions whose values are in 2x, which satisfy condition 
(4.5) we know that F := w-is F,, is measurable. Further, if the function 
lim inf d(0, F,, (. )) 
n 
is integrable, we easily deduce from Lemmas 5.1(b) and 5.2 that multifunc- 
tion s-cl F admits an a-measurable integrable selector. Consequently, if F 
is closed valued (which is true, for example, if condition (4.8) is fulfilled), 
we have an a-measurable integrable selector of F. Otherwise, in order to 
get such a selector, we shall use once more relation (3.5) which expresses 
the weak upper limit of any sequence of sets as the countable union of the 
weak upper limits of uniformly bounded sequences of sets. This will be 
achieved in the next theorem which is the main result of this section. 
THEOREM 5.5. Let X be a separable Banach space and (F,),> I a 
sequence of measurable multtfunctions with values in 2x, which satisfy the 
two following conditions: 
(i) there exists a fixed multifunction G with values in 93 such that 
Fn (0) = G(o) VoEQ,Vn>l 
(ii) liminf,d(O, F,,(.))eL’. 
Under the above hypotheses, the multtfunction F := w-k F,, admits at least 
one &measurable and integrable selector. 
Proof We first note that, by Lemma 5.2, d(0, F( .)) E L’, hence is finite 
p-almost everywhere (a.e.). Consequently, we have dom F= Q a.e. For each 
p > 1, define multifunction H, by 
H,(w) := w-ls(Fn((o) n B(0, p)) VwEL?. 
By the results of the previous section, we have 
domF= u domH, 
PTI 
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and dom HP is a non-decreasing sequence in a. Moreover, for each p 2 1, 
Proposition 4.3 shows that multifunction HP is a-measurable and weakly 
compact valued. By Lemma 5.2, we have, for any o E dom HP, 
d(0, H,(w)) < lim inf d(0, Fn(o) n B(0, p)). 
n 
Further, the non-vacuity of H,(o) implies that FE(o) n B(0, p) is non- 
empty for infinitely many n. Consequently, it is possible to apply 
Lemma 5.4 with C, := F,(o), which gives 
d(0, H,(o))<lim infd(0, F,,(w)). (5.4) n 
Thus, Lemma 5.1(b) shows that HP is an integrable multifunction. Now, 
for each p > 1, let f, be an a-measurable integrable selector of HP, such 
that 
Ilf,(d 6 40, H,(o)) + 1 VwEdom Hp. (5.5) 
Further, define a &measurable partition of a by setting A i := dom H,, 
and for any integer p 2 1, A p := dom H,\dom HP- I (where “\” denotes the 
difference of sets). If the measurable selector f of F is defined by 
f(w) :=fpW V’oEAp (p2 1) 
then, using (5.4) and (5.5), we get 
Q 
l 
lim inf d(0, Fn) dp + 1 
R n 
which, by condition (ii), shows that f is integrable. Q.E.D. 
Remark 5.6. Condition (ii) of Theorem 5.5 is automatically satisfied if 
the sequence ~I140,f’nF,(~)NI~..I is bounded. Indeed, it suffices to apply 
Fatou’s lemma to the sequence {d(O, Fn( .))},, , . Moreover, observe that 
condition (i) is satisfied when X is reflexive. 
We shall end this section by proving the existence of an &measurable 
integrable selector for the weak upper limit of a sequence of G-measurable 
multifunctions. Hypothesis (i) of Theorem 5.5 will not be needed but we 
shall assume that X* is separable instead. 
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THEOREM 5.7. Let X be a Banach space whose dual X* is separable and 
(f’n), a 1 a sequence of a-measurable multtfunctions with values in X. 
Moreover, assume condition (ii) of Theorem 5.5. Then, multtfunction F := 
w-k F,, admits at least one &-measurable integrable selector. 
Proof We keep the notations of the proof of Theorem 5.5. From the 
separability of X*, we know that topologies w and m agree on each ball 
of X. Hence, for all p 3 1, the following equality holds true 
H,(o) = m-ls(F,(w) n HO, P)) VCOEQ. 
Further, like in the proof of Theorem 4.11, we get 
Gr(H,,) E 02 @S?(X,) = 6Z@B(X,Y). 
Consequently, the projection theorem shows that, for each p 2 1, H,, is 
&-measurable. Finally, denote by f, any &-measurable selector of H, 
satisfying (5.5) and finish the proof like in Theorem 5.5. Q.E.D. 
An easy and useful application of the previous results is provided by the 
following 
COROLLARY 5.8. Let X be a separable Banach space and {f,,},,> 1 a 
bounded sequence in L’(sZ; X). Moreover, assume that one of the following 
conditions holds 
(a) there exists a multifunction G with values in 9 and such that 
fn(~)EG(o) VoEQ,Vn> 1 
(b) X* is separable. 
Then, the multtfunction F := w-Is f,, admits at least an a-measurable (case 
(a) (resp. an ~-measurable (case (b)) and integrable selector. 
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